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Abstract
We investigate matter-induced (or extrinsic) CPT violation effects in neutrino oscillations in
matter. Especially, we present approximate analytical formulas for the CPT-violating probability
differences for three flavor neutrino oscillations in matter with an arbitrary matter density profile.
Note that we assume that the CPT invariance theorem holds, which means that the CPT violation
effects arise entirely because of the presence of matter. As special cases of matter density profiles,
we consider constant and step-function matter density profiles, which are relevant for neutrino
oscillation physics in accelerator and reactor long baseline experiments as well as neutrino factories.
Finally, the implications of extrinsic CPT violation on neutrino oscillations in matter for several
past, present, and future long baseline experiments are estimated.
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I. INTRODUCTION
Recently, several studies on CPT violation [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19] have been performed in order to incorporate the so-called LSND anomaly
[20, 21, 22] within the description of standard three flavor neutrino oscillations. However,
this requires a new mass squared difference different from the ones coming from atmospheric
[23, 24, 25, 26] and solar [27, 28, 29, 30, 31, 32, 33, 34, 35] neutrinos, which means that
one would need to have three mass squared differences instead of two – a scenario, which is
not consistent with ordinary models of three flavor neutrino oscillations. Therefore, in most
of the studies on CPT violation [4, 6, 7, 8, 10, 13, 14, 15, 16, 17], different mass squared
differences and mixing parameters are introduced phenomenologically by hand for neutrinos
and antineutrinos. This results, in the three neutrino flavor picture, in two mass squared
differences and four mixing parameters for neutrinos and the same for antineutrinos, i.e.,
in total, four mass squared differences and eight mixing parameters. Thus, it is possible
to have a different mass squared difference describing the results of the LSND experiment
other than the ones describing atmospheric and solar neutrino data. It should be noted that
the results of the LSND experiment will be further tested by the MiniBooNE experiment
[36], which started running in September 2002. Furthermore, it should be mentioned that
the standard way of incorporating the LSND data is to introduce sterile neutrinos, and
therefore, the introduction of fundamental CPT violation, sometimes also called genuine
CPT violation, serves as an alternative description to sterile neutrinos. However, neutrino
oscillations between pure sterile flavors and active and sterile flavors have, in principle, been
excluded by the SNO experiment [33, 34, 37].
In CPT violation studies, the CPT invariance theorem [38, 39, 40], a milestone of local
quantum field theory, obviously does not hold, and in addition, fundamental properties such
as Lorentz invariance and locality may also be violated. However, the SU(3)× SU(2)× U(1)
Standard Model (SM) of elementary particle physics, for which the CPT theorem is valid, is
in very good agreement with all existing experimental data. Therefore, fundamental CPT
violation is connected to physics beyond the SM such as string theory or models including
extra dimensions, in which CPT invariance could be violated.
The recent and the first results of the KamLAND experiment [41], which is a reactor
long baseline neutrino oscillation experiment measuring the ν¯e flux from distant nuclear
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reactors in Japan and South Korea, strongly favor the large mixing angle (LMA) solution
region for solar neutrino oscillations and the solar neutrino problem [42]. Therefore, they
indicate that there is no need for fundamental CPT violation, i.e., having different mass
squared differences for solar neutrinos and reactor antineutrinos. Thus, solar neutrino data
and KamLAND data can be simultaneously and consistently accommodated with the same
mass squared difference.
In this paper, we investigate matter-induced (or extrinsic) CPT violation effects in neu-
trino oscillations in matter. In a previous paper [43], the interplay between fundamental and
matter-induced T violation effects has been discussed. In the case of CPT violation effects,
there exists no fundamental (or intrinsic) CPT violation effects if we assume that the CPT
theorem holds. This means that the matter-induced CPT violation is a pure effect of the
simple fact that ordinary matter consists of unequal numbers of particles and antiparticles.
Matter-induced CPT violation, sometimes also called fake CPT violation, have been stud-
ied and illustrated in some papers [5, 12, 44, 45, 46, 47], in which numerical calculations of
CPT-violating asymmetries between survival probabilities for neutrinos and antineutrinos
in different scenarios of atmospheric and long-baseline neutrino oscillation experiments have
been presented. Here we will try to perform a much more systematic study.
The paper is organized as follows. In Sec. II, we discuss the general formalism and
properties of CPT violation in vacuum and in matter. In particular, we derive approximate
analytical formulas for all CPT-violating probability differences for three flavor neutrino
oscillations in matter with an arbitrary matter density profile. The derivations are performed
using first order perturbation theory in the small leptonic mixing angle θ13 for the neutrino
and antineutrino evolution operators as well as the fact that ∆m221 ≪ ∆m231 ≃ ∆m232, i.e., the
solar mass squared difference is some orders of magnitude smaller than the atmospheric mass
squared difference. At the end of this section, we consider two different explicit examples
of matter density profiles. These are constant and step-function matter density profiles. In
both cases, we present the first order perturbation theory formulas for the CPT probability
differences as well as the useful corresponding low-energy region formulas. Next, in Sec. III,
we discuss the implications for long baseline neutrino oscillation experiments and potential
neutrino factory setups as well as solar and atmospheric neutrinos. We illuminate the
discussion with several tables and plots of the CPT probability differences. Then, in Sec. IV,
we present a summary of the obtained results as well as our conclusions. Finally, in App. A,
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we give details of the general analytical derivation of the evolution operators for neutrinos
and antineutrinos.
II. GENERAL FORMALISM AND CPT-VIOLATING PROBABILITY DIFFER-
ENCES
A. Neutrino Oscillation Transition Probabilities and CP, T, and CPT Violation
Let us by P (να → νβ) denote the transition probability from a neutrino flavor α to
a neutrino flavor β, and similarly, for antineutrino flavors. Then, the CP, T, and CPT
(-violating) probability differences are given by
∆PCPαβ ≡ P (να → νβ)− P (ν¯α → ν¯β), (1)
∆PTαβ ≡ P (να → νβ)− P (νβ → να), (2)
∆PCPTαβ ≡ P (να → νβ)− P (ν¯β → ν¯α), (3)
where α, β = e, µ, τ, . . .. The CP and T probability differences have previously been exten-
sively studied in the literature [43, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62,
63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87,
88, 89, 90, 91, 92, 93]. In this paper, we will study in detail the CPT probability differences.
Let us first dicuss some general properties of the CPT probability differences. In general,
i.e., both in vacuum and in matter, it follows from conservation of probability that
∑
α=e,µ,τ,...
P (να → νβ) = 1, β = e, µ, τ, . . . , (4)
∑
β=e,µ,τ,...
P (να → νβ) = 1, α = e, µ, τ, . . . . (5)
In words, the sum of the transition probabilities of a given neutrino (antineutrino) flavor
into neutrinos (antineutrinos) of all possible flavors is, of course, equal to one, i.e., the
probability is conserved. Using the definitions of the CPT probability differences, Eqs. (4)
and (5) can be re-written as
∑
α=e,µ,τ,...
∆PCPTαβ = 0, β = e, µ, τ, . . . , (6)
∑
β=e,µ,τ,...
∆PCPTαβ = 0, α = e, µ, τ, . . . . (7)
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Note that not all of these equations are linearly independent. For example, for three neutrino
flavors, Eqs. (6) and (7) can be written as the following system of equations
∆PCPTee +∆P
CPT
eµ +∆P
CPT
eτ = 0, (8)
∆PCPTµe +∆P
CPT
µµ +∆P
CPT
µτ = 0, (9)
∆PCPTτe +∆P
CPT
τµ +∆P
CPT
ττ = 0, (10)
∆PCPTee +∆P
CPT
µe +∆P
CPT
τe = 0, (11)
∆PCPTeµ +∆P
CPT
µµ +∆P
CPT
τµ = 0, (12)
∆PCPTeτ +∆P
CPT
µτ +∆P
CPT
ττ = 0. (13)
Hence, there are nine CPT probability differences for neutrinos and six equations relating
these CPT probability differences. The rank of the corresponding system matrix for the
above system of equations is five, which means that only five of the six equations are linearly
independent. Thus, five out of the nine CPT probability differences can be expressed in terms
of the other four, i.e., there are, in fact, only four CPT probability differences. Choosing,
e.g., ∆PCPTee , ∆P
CPT
eµ , ∆P
CPT
µe , and ∆P
CPT
µµ as the known CPT probability differences, the
other five can be expressed as
∆PCPTeτ = −∆PCPTee −∆PCPTeµ , (14)
∆PCPTµτ = −∆PCPTµe −∆PCPTµµ , (15)
∆PCPTτe = −∆PCPTee −∆PCPTµe , (16)
∆PCPTτµ = −∆PCPTeµ −∆PCPTµµ , (17)
∆PCPTττ = ∆P
CPT
ee +∆P
CPT
eµ +∆P
CPT
µe +∆P
CPT
µµ . (18)
Furthermore, the CPT probability differences for neutrinos are related to the ones for an-
tineutrinos by
∆PCPTαβ = P (να → νβ)− P (ν¯β → ν¯α)
= −(P (ν¯β → ν¯α)− P (να → νβ)) = −∆PCPTβ¯α¯ , (19)
where α, β = e, µ, τ, . . .. Thus, the CPT probability differences for antineutrinos do not give
any further information.
For completeness, we shall also briefly consider the case of two neutrino flavors. In this
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case, we have
∆PCPTee +∆P
CPT
eµ = 0, (20)
∆PCPTµe +∆P
CPT
µµ = 0, (21)
∆PCPTee +∆P
CPT
µe = 0, (22)
∆PCPTeµ +∆P
CPT
µµ = 0 (23)
from which one immediately obtains
∆PCPTee = ∆P
CPT
µµ = −∆PCPTeµ = −∆PCPTµe . (24)
Thus, for two neutrino flavors there is only one linearly independent CPT probability dif-
ference, which we, e.g., can choose as ∆PCPTee .
Generally, for the T probability differences, we have [43, 65]
∆PTee = ∆P
T
µµ = ∆P
T
ττ = 0, (25)
∆PTeµ = ∆P
T
µτ = ∆P
T
τe = −∆PTµe = −∆PTτµ = −∆PTeτ (26)
for three neutrino flavors and
∆PTee = ∆P
T
eµ = ∆P
T
µe = ∆P
T
µµ = 0 (27)
for two neutrino flavors. Thus, in the case of three neutrino flavors, there is only one linearly
independent T probability difference, whereas in the case of two neutrino flavors, neutrino
oscillations are T-invariant irrespective of whether they take place in vacuum or in matter.
Using the definitions (1) - (3), one immediately observes that the CP probability differ-
ences are directly related to the T and CPT probability differences by the following formulas
∆PCPαβ +∆P
T
α¯β¯ = ∆P
CPT
αβ and ∆P
CP
α¯β¯ +∆P
T
αβ = ∆P
CPT
α¯β¯ . (28)
In vacuum, where CPT invariance holds, one has ∆PCPTαβ = ∆P
CPT
α¯β¯
= 0, which means
that ∆PCPαβ = −∆PTα¯β¯ and ∆PCPα¯β¯ = −∆PTαβ . Furthermore, using again the definition (1),
one finds that ∆PCPαβ = −∆PCPα¯β¯ . Thus, ∆PCPαβ = ∆PTαβ and ∆PCPα¯β¯ = ∆PTα¯β¯, i.e., the
CP probability differences for neutrinos (antineutrinos) are given by the corresponding T
probability differences for neutrinos (antineutrinos). However, in matter, CPT invariance
is no longer valid in general, and thus, one has ∆PCPTαβ 6= 0, which means that we need to
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know both the T and CPT probability differences in order to determine the CP probability
differences. Moreover, in vacuum, it follows in general that P (να → νβ) = P (ν¯β → ν¯α) and
in particular that P (να → να) = P (ν¯α → ν¯α), which leads to ∆PCPαα = 0. Therefore, CP
violation effects cannot occur in disappearance channels (να → να), but only in appearance
channels (να → νβ, where α 6= β) [52], while in matter one has in general ∆PCPαα 6= 0.
In the next subsection, we discuss the Hamiltonians and evolution operators for neutrinos
and antineutrinos, which we will use to calculate the CPT probability differences.
B. Hamiltonians and Evolution Operators for Neutrinos and Antineutrinos
If neutrinos are massive and mixed, then the neutrino flavor fields να, where α =
e, µ, τ, . . ., are linear combinations of the neutrino mass eigenfields νa, where a = 1, 2, 3, . . .,
i.e.,
να =
n∑
a=1
Uαaνa, α = e, µ, τ, . . . , (29)
where n is the number of neutrino flavors and the Uαa’s are the matrix elements of the
unitary leptonic mixing matrix U .[134] Thus, we have the following relation between the
neutrino flavor and mass states [94, 95]
|να〉 =
n∑
a=1
U∗αa|νa〉, α = e, µ, τ, . . . , (30)
where νa is the ath neutrino mass state for a neutrino with definite 3-momentum p, energy
Ea =
√
m2a + p
2 ≃ p + m2a
2p
(if ma ≪ p), and negative helicity. Here ma is the mass of the
ath neutrino mass eigenstate and p ≡ |p|. Similarly, for antineutrinos, we have
|ν¯α〉 =
n∑
a=1
Uαa|ν¯a〉, α = e, µ, τ, . . . . (31)
In the ultra-relativistic approximation, the quantum mechanical time evolution of the neu-
trino states and the neutrino oscillations are governed by the Schro¨dinger equation
i
d
dt
|ν(t)〉 = H (t)|ν(t)〉, (32)
where |ν(t)〉 is the neutrino vector of state and H (t) is the time-dependent Hamiltonian
of the system, which is different for neutrinos and antineutrinos and its form also depends
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on in which basis it is given (see App. A for the different expressions of the Hamiltonian).
Hence, the neutrino evolution (i.e., the solution to the Schro¨dinger equation) is given by
|ν(t)〉 = e−i
∫ t
t0
H (t′)dt′ |ν(t0)〉, (33)
where the exponential function is time-ordered. Note that if one assumes that neutrinos are
stable and that they are not absorbed in matter, then the Hamiltonian H (t) is Hermitian.
This will be assumed throughout this paper. Furthermore, it is convenient to define the
evolution operator (or the evolution matrix) S(t, t0) as
|ν(t)〉 = S(t, t0)|ν(t0)〉, S(t, t0) ≡ e−i
∫ t
t0
H (t′)dt′
, (34)
which has the following obvious properties
S(t, t0) = S(t, t1)S(t1, t0), (35)
S(t0, t0) = 1, (36)
S(t, t0)S(t, t0)
† = 1. (37)
The last property is the unitarity condition, which follows directly from the hermiticity of
the Hamiltonian H (t).
Neutrinos are produced in weak interaction processes as flavor states |να〉, where α =
e, µ, τ, . . .. Between a source, the production point of neutrinos, and a detector, neutrinos
evolve as mass eigenstates |νa〉, where a = 1, 2, 3, . . ., i.e., states with definite mass. Thus,
if at time t = t0 the neutrino vector of state is |να〉 ≡ |να(t0)〉, then at a time t we have
|να(t)〉 =
n∑
a=1
[S(t, t0)]aa U
∗
αa|νa〉. (38)
The neutrino oscillation probability amplitude from a neutrino flavor α to a neutrino
flavor β is defined as
Aαβ ≡ 〈νβ|να(t)〉 =
n∑
a=1
Uβa [S(t, t0)]aa U
∗
αa, α, β = e, µ, τ, . . . . (39)
Then, the neutrino oscillation transition probability for να → νβ is given by
P (να → νβ) ≡ |Aαβ |2 =
n∑
a=1
n∑
b=1
U∗αaUβaUαbU
∗
βb [S(t, t0)]aa [S(t, t0)]
∗
bb , (40)
where α, β = e, µ, τ, . . ..
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The oscillation transition probabilities for antineutrinos are obtained by making the re-
placements Uαa → U∗αa and S(t, t0)→ S¯(t, t0) [i.e., V (t)→ −V (t), where V (t) is the matter
potential defined in App. A], which lead to
P (ν¯α → ν¯β) =
n∑
a=1
n∑
b=1
UαaU
∗
βaU
∗
αbUβb
[
S¯(t, t0)
]
aa
[
S¯(t, t0)
]∗
bb
= {a↔ b}
=
n∑
a=1
n∑
b=1
U∗αaUβaUαbU
∗
βb
[
S¯(t, t0)
]∗
aa
[
S¯(t, t0)
]
bb
, (41)
where α, β = e, µ, τ, . . ..
In the next subsection, we calculate the CPT probability differences both in vacuum and
in matter.
C. CPT Probability Differences
In vacuum, the matter potential is zero, i.e., V (t) = 0 ∀t, and therefore, the evolution
operators for neutrinos and antineutrinos are the same, i.e., S(t, t0) = S¯(t, t0) = e
−iHmL,
where Hm = diag (E1, E2, . . . , En) is the free Hamiltonian and L ≃ t − t0 is the baseline
length. Note that the Hamiltonians in vacuum for neutrinos and antineutrinos are the same,
since we have assumed the CPT theorem. Thus, using Eqs. (40) and (41), it directly follows
that
∆PCPTαβ = P (να → νβ)− P (ν¯β → ν¯α) = 0, (42)
which means that there is simply no (intrinsic) CPT violation in neutrino oscillations in
vacuum. Note that this general result holds for any number of neutrino flavors. Furthermore,
note that even though there is no intrinsic CPT violation effects in vacuum, there could be
intrinsic CP and T violation effects induced by a non-zero CP (or T) violation phase δCP,
which could, if sizeable enough, be measured by very long baseline neutrino oscillation
experiments in the future [96].
In matter, the situation is slightly more complicated than in vacuum. However, the
technique is the same, i.e., the extrinsic CPT probability differences are given by differences
of different matrix elements of the evolution operators for neutrinos and antineutrinos.
The probability amplitude of neutrino flavor transitions are the matrix elements of the
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evolution operators:
A (να → νβ) = [S(t, t0)]βα = [Sf(t, t0)]βα , (43)
A (ν¯α → ν¯β) =
[
S¯(t, t0)
]
βα
=
[
S¯f(t, t0)
]
βα
. (44)
Thus, we have the extrinsic CPT probability differences
∆PCPTαβ =
∣∣∣[Sf (t, t0)]βα∣∣∣2 − ∣∣∣[S¯f(t, t0)]αβ
∣∣∣2 . (45)
In the case of three neutrino flavors with the evolution operators for neutrinos and an-
tineutrinos as in Eqs. (A35) and (A40), respectively, the different ∆PCPTαβ ’s are now easily
found, but the expressions are quite unwieldy. The CPT probability difference ∆PCPTee to
first order in perturbation theory is found to be given by (see App. A for definitions of
different quantities)
∆PCPTee ≃ |Sf,11|2 − |S¯f,11|2 = |α|2 − |α¯|2 = |β¯|2 − |β|2
= cos2Ω +
sin2Ω
4Ω2
(
cos 2θ12δ(t− t0)−
∫ t
t0
V (t′)dt′
)2
− cos2 Ω¯− sin
2 Ω¯
4Ω¯2
(
cos 2θ12δ(t− t0) +
∫ t
t0
V (t′)dt′
)2
=
1
4
(
sin2 Ω¯
Ω¯2
− sin
2Ω
Ω2
)
sin2 2θ12δ
2(t− t0)2, (46)
which is equal to zero in vacuum, in which V (t) = 0 ∀t. Note that in the case of T violation
all diagonal elements, i.e., ∆PTαα, where α = e, µ, τ , are trivially equal to zero [cf., Eq. (25)].
This is obviously not the case for CPT violation if matter is present. Similarly, we find
∆PCPTeµ ≃ |Sf,21|2 − |S¯f,12|2 = |c23β∗ + is23fC|2 − |c23β¯ − is23f¯ A¯|2
= c223
(|β|2 − |β¯|2)+ s223 (|C|2 − |A¯|2)
+ is23c23
(
βfC − β∗f ∗C∗ + β¯∗f¯ A¯− β¯f¯ ∗A¯∗) , (47)
∆PCPTeτ ≃ |Sf,31|2 − |S¯f,13|2 = |s23β∗ − ic23fC|2 − | − s23β¯ − ic23f¯ A¯|2
= c223
(|C|2 − |A¯|2)+ s223 (|β|2 − |β¯|2)
− is23c23
(
βfC − β∗f ∗C∗ + β¯∗f¯ A¯− β¯f¯ ∗A¯∗) , (48)
∆PCPTµe ≃ |Sf,12|2 − |S¯f,21|2 = |c23β − is23fA|2 − |c23β¯∗ + is23f¯ C¯|2
= c223
(|β|2 − |β¯|2)+ s223 (|A|2 − |C¯|2)
+ is23c23
(
βf ∗A∗ − β∗fA− β¯f¯ C¯ + β¯∗f¯ ∗C¯∗) , (49)
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∆PCPTτe ≃ |Sf,13|2 − |S¯f,31|2 = | − s23β − ic23fA|2 − |s23β¯∗ − ic23f¯ C¯|2
= c223
(|A|2 − |C¯|2)+ s223 (|β|2 − |β¯|2)
− is23c23
(
βf ∗A∗ − β∗fA− β¯f¯ C¯ + β¯∗f¯ ∗C¯∗) , (50)
∆PCPTµµ ≃ |Sf,22|2 − |S¯f,22|2 = |c223α∗ + s223f − is23c23f(B +D)|2
− |c223α¯∗ + s223f¯ − is23c23f¯(B¯ + D¯)|2
= c423
(|α|2 − |α¯|2)− is23c323 (αfB − α∗f ∗B∗ + αfD − α∗f ∗D∗
− α¯f¯ B¯ + α¯∗f¯ ∗B¯∗ − α¯f¯ D¯ + α¯∗f¯ ∗D¯∗)
+s223c
2
23
(
αf + α∗f ∗ + |B|2 + |D|2 +BD∗ +B∗D
− α¯f¯ − α¯∗f¯ ∗ − |B¯|2 − |D¯|2 − B¯D¯∗ − B¯∗D¯)
−is323c23
(
B −B∗ +D −D∗ − B¯ + B¯∗ − D¯ + D¯∗) , (51)
∆PCPTµτ ≃ |Sf,32|2 − |S¯f,23|2 = | − s23c23 (α∗ − f) + if
(
s223B − c223D
) |2
− | − s23c23
(
α¯∗ − f¯)− if¯ (c223B¯ − s223D¯) |2
= c423
(|D|2 − |B¯|2)+ is23c323 (αfD − α∗f ∗D∗ −D +D∗
− α¯f¯ B¯ + α¯∗f¯ ∗B¯∗ + B¯ − B¯∗)+ s223c223 (|α|2 − αf − α∗f ∗
−BD∗ −B∗D − |α¯|2 + α¯f¯ + α¯∗f¯ ∗ + B¯D¯∗ + B¯∗D¯)
−is323c23
(
αfB − α∗f ∗B∗ −B +B∗ − α¯f¯D¯ + α¯∗f¯ ∗D¯∗
+D¯ − D¯∗)+ s423 (|B|2 − |D¯|2) , (52)
∆PCPTτµ ≃ |Sf,23|2 − |S¯f,32|2 = | − s23c23 (α∗ − f)− if
(
c223B − s223D
) |2
− | − s23c23
(
α¯∗ − f¯)+ if¯ (s223B¯ − c223D¯) |2
= c423
(|B|2 − |D¯|2)+ is23c323 (αfB − α∗f ∗B∗ − B +B∗
− α¯f¯D¯ + α¯∗f¯ ∗D¯∗ + D¯ − D¯∗)+ s223c223 (|α|2 − αf − α∗f ∗
−BD∗ −B∗D − |α¯|2 + α¯f¯ + α¯∗f¯ ∗ + B¯D¯∗ + B¯∗D¯)
−is323c23
(
αfD − α∗f ∗D∗ −D +D∗ − α¯f¯ B¯ + α¯∗f¯ ∗B¯∗
+ B¯ − B¯∗)+ s423 (|D|2 − |B¯|2) , (53)
∆PCPTττ ≃ |Sf,33|2 − |S¯f,33|2 = |s223α∗ + c223f + is23c23f (B +D) |2
− |s223α¯∗ + c223f¯ + is23c23f¯
(
B¯ + D¯
) |2
= is23c
3
23
(
B − B∗ +D −D∗ − B¯ + B¯∗ − D¯ + D¯∗)
+s223c
2
23
(
αf + α∗f ∗ + |B|2 + |D|2 +BD∗ +B∗D
11
− α¯f¯ − α¯∗f¯ ∗ − |B¯|2 − |D¯|2 − B¯D¯∗ − B¯∗D¯)
+is323c23
(
αfB − α∗f ∗B∗ + αfD − α∗f ∗D∗ − α¯f¯ B¯
+ α¯∗f¯ ∗B¯∗ − α¯f¯D¯ + α¯∗f¯ ∗D¯∗)+ s423 (|α|2 − |α¯|2) . (54)
Note that ∆PCPTee is the only CPT probability difference that is uniquely determined by
the (1,2)-subsector of the full three flavor neutrino evolution, see the explicit expressions
of the evolution operators for neutrinos and antineutrinos [Eqs. (A35) and (A40)]. Thus,
it is completely independent of the CP violation phase δCP [12] as well as the fundamental
neutrino parameters ∆m231 ≃ ∆m232, θ13, and θ23.
Now, using conservation of probability, i.e., Eqs. (8) - (13), we find the relations
∑
α=e,µ,τ
∆PCPTeα = |C|2 − |A¯|2 = 0, (55)
∑
α=e,µ,τ
∆PCPTαe = |A|2 − |C¯|2 = 0, (56)
∑
α=e,µ,τ
∆PCPTµα +
∑
α=e,µ,τ
∆PCPTτα =
∑
α=e,µ,τ
∆PCPTαµ +
∑
α=e,µ,τ
∆PCPTατ
= |B|2 + |D|2 − |B¯|2 − |D¯|2 = 0. (57)
Thus, the CPT probability differences can be further simplified and we obtain
∆PCPTee ≃ |β¯|2 − |β|2, (58)
∆PCPTeµ ≃ c223
(|β|2 − |β¯|2)− 2c23s23ℑ (βfC − β¯f¯ ∗A¯∗) , (59)
∆PCPTeτ ≃ s223
(|β|2 − |β¯|2)+ 2c23s23ℑ (βfC − β¯f¯ ∗A¯∗) , (60)
∆PCPTµe ≃ c223
(|β|2 − |β¯|2)− 2c23s23ℑ (βf ∗A∗ − β¯f¯ C¯) , (61)
∆PCPTτe ≃ s223
(|β|2 − |β¯|2)+ 2c23s23ℑ (βf ∗A∗ − β¯f¯ C¯) , (62)
where we have only displayed the CPT probability differences ∆PCPTee , ∆P
CPT
eµ , ∆P
CPT
eτ ,
∆PCPTµe , and ∆P
CPT
τe , since the remaining ones are too lengthy expressions and not so illu-
minating. In the following, we will restrict our discussion only to those CPT probability
differences displayed above. Furthermore, from the definition of the parameters a and b in
Eq. (A13), we can conclude that |b/a| ∝ δ2/∆2 = (∆m221/∆m231)2, and thus, the ratio |b/a|
is small, since ∆m221 ≪ ∆m231. In Ref. [43], it has been shown that
|Iβ,t(t, t0)/Iα∗,t(t, t0)| ∼ |I∗β,t0(t, t0)/I∗α∗,t0(t, t0)| ∼ δ2/∆2,
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and therefore, it also holds that
|I¯β,t(t, t0)/I¯α∗,t(t, t0)| ∼ |I¯∗β,t0(t, t0)/I¯∗α∗,t0(t, t0)| ∼ δ2/∆2.
Thus, the contributions of the integrals Iβ,t(t, t0), I
∗
β,t0
(t, t0), I¯β,t(t, t0), and I¯
∗
β,t0
(t, t0) are
suppressed by a factor of δ2/∆2 in Eqs. (59) - (62). Using this to reduce the arguments of
the imaginary parts in Eqs. (59) - (62) further, we obtain the following
βfC − β¯f¯ ∗A¯∗ ≃ βfa∗I∗α∗,t0 − β¯f¯ ∗aI¯∗α∗,t, (63)
βf ∗A∗ − β¯f¯ C¯ ≃ βf ∗a∗I∗α∗,t − β¯f¯aI¯∗α∗,t0 . (64)
D. Examples of Matter Density Profiles
We have now derived the general analytical expressions for the CPT violation probability
differences. Next, we will calculate some of the CPT violation probability differences for
some specific examples of matter density profiles. This will be done for constant matter
density and step-function matter density.
1. Constant Matter Density Profiles
The simplest example of a matter density profile (except for vacuum) is the one of constant
matter density or constant electron density. In this case, the matter potential is given by
V (t) = V = const. ∀t. Furthermore, if the distance between source and detector (i.e., the
neutrino propagation path length or baseline length) is L and the neutrino energy is Eν ,
then we can define the following useful quantities
ω ≡ δ
2
√[
cos 2θ12 − V
δ
]2
+ sin2 2θ12, (65)
ω¯ ≡ δ
2
√[
cos 2θ12 +
V
δ
]2
+ sin2 2θ12, (66)
∆˜ = ∆− 1
2
(V + δ) =
δ
2
(
2
∆
δ
− 1− V
δ
)
, (67)
¯˜∆ = ∆− 1
2
(−V + δ) = δ
2
(
2
∆
δ
− 1 + V
δ
)
, (68)
θm ≡ 1
2
arccos
(
δ cos 2θ12 − V
2ω
)
, (69)
13
θ¯m ≡ 1
2
arccos
(
δ cos 2θ12 + V
2ω¯
)
, (70)
where δ ≡ ∆m221
2Eν
, ∆ ≡ ∆m231
2Eν
≃ ∆m232
2Eν
, and θ12 is the solar mixing angle. Then, we have (see
App. A)
α(t, 0) = cosωt+ i cos 2θm sinωt, (71)
α¯(t, 0) = cos ω¯t+ i cos 2θ¯m sin ω¯t, (72)
β(t, 0) = −i sin 2θm sinωt, (73)
β¯(t, 0) = −i sin 2θ¯m sin ω¯t, (74)
f(t, 0) = e−i∆˜t, (75)
f¯(t, 0) = e−i
¯˜∆t, (76)
where 0 ≤ t ≤ L, which yield
|β|2 − |β¯|2 = sin2 2θms2 − sin2 2θ¯ms¯2
= s212c
2
12δ
2
(
s2
ω2
− s¯
2
ω¯2
)
, (77)
ℑ (βfC − β¯f¯ ∗A¯∗) ≃ s12c12s13δ (∆− s212δ)
{(
s¯2
ω¯2
− s
2
ω2
)
cos δCP
+
(
∆− c212δ
) [( ¯˜∆s¯− ω¯ sin ¯˜∆L)s¯
ω¯2(ω¯2 − ¯˜∆2)
− (∆˜s− ω sin ∆˜L)s
ω2(ω2 − ∆˜2)
]
cos δCP
+
(
∆− c212δ
) [(cos ¯˜∆L− c¯)s¯
ω¯(ω¯2 − ¯˜∆2)
− (cos ∆˜L− c)s
ω(ω2 − ∆˜2)
]
sin δCP
}
, (78)
ℑ (βf ∗A∗ − β¯f¯ C¯) ≃ s12c12s13δ (∆− s212δ)
{(
s¯2
ω¯2
− s
2
ω2
)
cos δCP
+
(
∆− c212δ
) [( ¯˜∆s¯− ω¯ sin ¯˜∆L)s¯
ω¯2(ω¯2 − ¯˜∆2)
− (∆˜s− ω sin ∆˜L)s
ω2(ω2 − ∆˜2)
]
cos δCP
− (∆− c212δ)
[
(cos ¯˜∆L− c¯)s¯
ω¯(ω¯2 − ¯˜∆2)
− (cos ∆˜L− c)s
ω(ω2 − ∆˜2)
]
sin δCP
}
, (79)
where s ≡ sinωL, s¯ ≡ sin ω¯L, c ≡ cosωL, and c¯ ≡ cos ω¯L. Note that the only difference
between the imaginary parts in Eqs. (78) and (79) is the signs in front of the sin δCP terms,
i.e., applying the replacement δCP → −δCP, one comes from ℑ(βfC− β¯f¯ ∗A¯∗) to ℑ(βf ∗A∗−
β¯f¯ C¯), and vice versa. Thus, inserting Eqs. (77) - (79) into Eqs. (58) - (62), we obtain the
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CPT probability differences in matter of constant density as
∆PCPTee ≃ −s212c212δ2
(
sin2 ωL
ω2
− sin
2 ω¯L
ω¯2
)
, (80)
∆PCPTeµ ≃ s212c212c223δ2
(
sin2 ωL
ω2
− sin
2 ω¯L
ω¯2
)
− 2s12c12s13s23c23δ
(
∆− s212δ
)
×
{(
sin2 ω¯L
ω¯2
− sin
2 ωL
ω2
)
cos δCP
+
(
∆− c212δ
) [( ¯˜∆s¯− ω¯ sin ¯˜∆L)s¯
ω¯2(ω¯2 − ¯˜∆2)
− (∆˜s− ω sin ∆˜L)s
ω2(ω2 − ∆˜2)
]
cos δCP
+
(
∆− c212δ
) [(cos ¯˜∆L− c¯)s¯
ω¯(ω¯2 − ¯˜∆2)
− (cos ∆˜L− c)s
ω(ω2 − ∆˜2)
]
sin δCP
}
, (81)
∆PCPTeτ ≃ s212c212s223δ2
(
sin2 ωL
ω2
− sin
2 ω¯L
ω¯2
)
+ 2s12c12s13s23c23δ
(
∆− s212δ
)
×
{(
sin2 ω¯L
ω¯2
− sin
2 ωL
ω2
)
cos δCP
+
(
∆− c212δ
) [( ¯˜∆s¯− ω¯ sin ¯˜∆L)s¯
ω¯2(ω¯2 − ¯˜∆2)
− (∆˜s− ω sin ∆˜L)s
ω2(ω2 − ∆˜2)
]
cos δCP
+
(
∆− c212δ
) [(cos ¯˜∆L− c¯)s¯
ω¯(ω¯2 − ¯˜∆2)
− (cos ∆˜L− c)s
ω(ω2 − ∆˜2)
]
sin δCP
}
, (82)
∆PCPTµe ≃ s212c212c223δ2
(
sin2 ωL
ω2
− sin
2 ω¯L
ω¯2
)
− 2s12c12s13s23c23δ
(
∆− s212δ
)
×
{(
sin2 ω¯L
ω¯2
− sin
2 ωL
ω2
)
cos δCP
+
(
∆− c212δ
) [( ¯˜∆s¯− ω¯ sin ¯˜∆L)s¯
ω¯2(ω¯2 − ¯˜∆2)
− (∆˜s− ω sin ∆˜L)s
ω2(ω2 − ∆˜2)
]
cos δCP
− (∆− c212δ)
[
(cos ¯˜∆L− c¯)s¯
ω¯(ω¯2 − ¯˜∆2)
− (cos ∆˜L− c)s
ω(ω2 − ∆˜2)
]
sin δCP
}
, (83)
∆PCPTτe ≃ s212c212s223δ2
(
sin2 ωL
ω2
− sin
2 ω¯L
ω¯2
)
+ 2s12c12s13s23c23δ
(
∆− s212δ
)
×
{(
sin2 ω¯L
ω¯2
− sin
2 ωL
ω2
)
cos δCP
+
(
∆− c212δ
) [( ¯˜∆s¯− ω¯ sin ¯˜∆L)s¯
ω¯2(ω¯2 − ¯˜∆2)
− (∆˜s− ω sin ∆˜L)s
ω2(ω2 − ∆˜2)
]
cos δCP
− (∆− c212δ)
[
(cos ¯˜∆L− c¯)s¯
ω¯(ω¯2 − ¯˜∆2)
− (cos ∆˜L− c)s
ω(ω2 − ∆˜2)
]
sin δCP
}
. (84)
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It is again interesting to observe that the CPT probability difference ∆PCPTee contains only a
constant term in the mixing parameter δCP, i.e., it is independent of the CP violation phase
δCP, whereas the other CPT probability differences contain such terms, but in addition also
sin δCP and cos δCP terms (in the case of CP violation, see, e.g., Ref. [81]). Naively, one would
not expect any sin δCP terms in the CPT probability differences, since they do not arise in
the general case of the T probability difference as an effect of the presence of matter, but
are there because of the fundamental T violation that is caused by the CP violation phase
δCP [43]. However, since constant matter density profiles are symmetric with respect to the
baseline length L, the T violation probability difference is anyway actually equal to zero in
these cases. Furthermore, we note that if one makes the replacement δCP → −δCP, then
∆PCPTeµ → ∆PCPTµe and ∆PCPTeτ → ∆PCPTτe and in the case that δCP = 0 one has ∆PCPTeµ =
∆PCPTµe and ∆P
CPT
eτ = ∆P
CPT
τe . Moreover, in the case of degenerate neutrino massesm1 = m2
or for extremely high neutrino energies, Eν →∞, the quantity δ = ∆m
2
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2Eν
goes to zero and so
do β and β¯ (see the second point in the discussion at the end of App. A about the relation
between Ω and Ω¯), which in turn means that the CPT probability differences in Eqs. (58) -
(62) as well as in Eqs. (80) - (84) will vanish, i.e., ∆PCPTαβ → 0 when δ → 0. This can be
understood as follows. In the case when ∆m221 ≪ ∆m231 (i.e., δ ≪ ∆) or in the limit δ → 0,
we have that the neutrino mass hierarchy parameter ξ ≡ ∆m221
∆m2
31
= δ
∆
also goes to zero. If
ξ → 0, then Pee → 1− sin2 2θ13 sin2 C13∆LC2
13
, where C13 ≡
√
sin2 2θ13 + (
2
∆
V − cos 2θ13)2. Now,
since we have only calculated the CPT probability differences to first order in perturbation
theory in the small leptonic mixing angle θ13 (see App. A), we have that Pee → 1 when
ξ → 0. Using Pee = 1 together with the unitarity conditions (4) and (5), we find that
Pµµ = Pττ = 1 and Peµ = Pµe = Pµτ = Pτµ = 0, which means that neutrino oscillations
will not occur in this limit. A similar argument applies for the case of antineutrinos. Thus,
the CPT probability differences ∆PCPTαβ → 0 up to first order in perturbation theory in θ13
when δ → 0 (i.e., when δ is completely negligible compared with ∆). Therefore, there are
no extrinsic CPT violation effects up to first order in θ13 when δ → 0.
In the low-energy region V . δ ≪ ∆, we find after some tedious calculations that
∆PCPTee ≃ 8s212c212 cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
+ O ((V/δ)3) , (85)
∆PCPTeµ ≃ −8s212c212c223 cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
16
− 16s12c312s13s23c23 cos δCP cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
− 16s12c12s13s23c23 sin δCP
{
cos 2θ12
[
δL cos δL− cos∆L
×
(
δL cos
δL
2
− 2 sin δL
2
)
− sin δL
]
+ δL sin
δL
2
sin∆L
}
V
δ
+ O ((V/δ)3) , (86)
∆PCPTeτ ≃ −8s212c212s223 cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
+ 16s12c
3
12s13s23c23 cos δCP cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
+ 16s12c12s13s23c23 sin δCP
{
cos 2θ12
[
δL cos δL− cos∆L
×
(
δL cos
δL
2
− 2 sin δL
2
)
− sin δL
]
+ δL sin
δL
2
sin∆L
}
V
δ
+ O ((V/δ)3) , (87)
∆PCPTµe ≃ −8s212c212c223 cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
− 16s12c312s13s23c23 cos δCP cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
+ 16s12c12s13s23c23 sin δCP
{
cos 2θ12
[
δL cos δL− cos∆L
×
(
δL cos
δL
2
− 2 sin δL
2
)
− sin δL
]
+ δL sin
δL
2
sin∆L
}
V
δ
+ O ((V/δ)3) , (88)
∆PCPTτe ≃ −8s212c212s223 cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
+ 16s12c
3
12s13s23c23 cos δCP cos 2θ12
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
− 16s12c12s13s23c23 sin δCP
{
cos 2θ12
[
δL cos δL− cos∆L
×
(
δL cos
δL
2
− 2 sin δL
2
)
− sin δL
]
+ δL sin
δL
2
sin∆L
}
V
δ
+ O ((V/δ)3) . (89)
Note that there are, of course, no terms in the CPT probability differences that are constant
in the matter potential V , since in the limit V → 0, i.e., in vacuum, the CPT probability
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differences must vanish, because in vacuum they are equal to zero [cf., Eq. (42)]. Further-
more, we observe that the leading order terms in the CPT probability differences are linear
in the matter potential V , whereas the next-to-leading order terms are cubic, i.e., there are
no second order terms. However, we do not show the explicit forms of the cubic terms, since
they are quite lengthy. Actually, for symmetric matter density profiles it holds that the
oscillation transition probabilities in matter for neutrinos and antineutrinos, P (να → νβ;V )
and P (ν¯α → ν¯β;V ), respectively, are related by P (να → νβ ;V ) = P (ν¯β → ν¯α;−V ) [see
Ref. [60] and Eqs. (40) and (41)]. Hence, in this case, the CPT probability differences
∆PCPTαβ (V ) = P (να → νβ ;V ) − P (ν¯β → ν¯α;V ) = P (να → νβ ;V ) − P (να → νβ;−V ) ≡
f(V ) − f(−V ) are always odd functions with respect to the (symmetric) matter potential
V , since ∆PCPTαβ (−V ) = f(−V )− f(V ) = −[f(V )− f(−V )] = −∆PCPTαβ (V ) [97].
Introducing the Jarlskog invariant [98, 99]
J ≡ s12c12s13c213s23c23 sin δCP ≃ s12c12s13s23c23 sin δCP, (90)
we can, e.g., write the CPT probability difference ∆PCPTeµ as
∆PCPTeµ ≃ −c223∆PCPTee
− 16c212 cos 2θ12J cot δCP
(
δL cos
δL
2
− 2 sin δL
2
)
sin
δL
2
V
δ
− 16J
{
cos 2θ12
[
δL cos δL− cos∆L
(
δL cos
δL
2
− 2 sin δL
2
)
− sin δL
]
+ δL sin
δL
2
sin∆L
}
V
δ
+O ((V/δ)3) . (91)
In the case of maximal solar mixing, i.e., if the solar mixing angle θ12 =
pi
4
, then we have
∆PCPTee ≃ 0, (92)
which is also obtained using Eq. (80), and
∆PCPTeµ ≃ −16JδL sin
δL
2
sin∆L
V
δ
≃ −∆PCPTµe , (93)
where in this case J = 1
2
s13s23c23 sin δCP. Thus, we would not be able to observe any extrinsic
CPT violation in the νe → νe and ν¯e → ν¯e channels. However, it would still be possible to
do so in the νe → νµ and ν¯e → ν¯µ channels. Furthermore, note that if in addition δCP = 0,
then also ∆PCPTeµ and ∆P
CPT
µe vanish, since J ∝ sin δCP.
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2. Step-function matter density profiles
Next, we consider step-function matter density profiles, i.e., matter density profiles con-
sisting of two different layers of constant densities. Let the widths of the two layers be L1
and L2, respectively, and the corresponding matter potential V1 and V2. Furthermore, we
again let Eν denote the neutrino energy. Similar to the constant matter density profile case,
we define the quantities
ωi ≡ δ
2
√[
cos 2θ12 − Vi
δ
]2
+ sin2 2θ12, (94)
ω¯i ≡ δ
2
√[
cos 2θ12 +
Vi
δ
]2
+ sin2 2θ12, (95)
∆˜i = ∆− 1
2
(Vi + δ) =
δ
2
(
2
∆
δ
− 1− Vi
δ
)
, (96)
¯˜∆i = ∆− 1
2
(−Vi + δ) = δ
2
(
2
∆
δ
− 1 + Vi
δ
)
, (97)
θm,i ≡ 1
2
arccos
(
δ cos 2θ12 − Vi
2ωi
)
, (98)
θ¯m,i ≡ 1
2
arccos
(
δ cos 2θ12 + Vi
2ω¯i
)
, (99)
with i = 1, 2 denoting the two different layers, where again δ ≡ ∆m221
2Eν
, ∆ ≡ ∆m231
2Eν
, and θ12 is
the solar mixing angle. We divide the time interval of the neutrino evolution into two parts:
0 ≤ t < L1 and L1 ≤ t ≤ L, where L ≡ L1 + L2. In the first interval, the parameters α,
α¯, β, β¯, f , and f¯ are given by the well-known evolution in constant matter density, i.e., by
Eqs. (71) - (76) with the replacements ω → ω1, ω¯ → ω¯1, ∆˜→ ∆˜1, ¯˜∆→ ¯˜∆1, θm → θm,1, and
θ¯m → θ¯m,1, whereas in the second interval, they are given by
α(t, t0) = c1c
′
2 − s1s′2 cos(2θm,1 − 2θm,2)
+ i(s1c
′
2 cos 2θm,1 + s
′
2c1 cos 2θm,2), (100)
α¯(t, t0) = c¯1c¯
′
2 − s¯1s¯′2 cos(2θ¯m,1 − 2θ¯m,2)
+ i(s¯1c¯
′
2 cos 2θ¯m,1 + s¯
′
2c¯1 cos 2θ¯m,2), (101)
β(t, t0) = s1s
′
2 sin(2θm,1 − 2θm,2)− i(s1c′2 sin 2θm,1 + s′2c1 sin 2θm,2), (102)
β¯(t, t0) = s¯1s¯
′
2 sin(2θ¯m,1 − 2θ¯m,2)− i(s¯1c¯′2 sin 2θ¯m,1 + s¯′2c¯1 sin 2θ¯m,2), (103)
f(t, t0) = e
−i[∆˜1(L1−t0)+∆˜2(t−L1)], (104)
f¯(t, t0) = e
−i[ ¯˜∆1(L1−t0)+ ¯˜∆2(t−L1)], (105)
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where si ≡ sinωiLi, ci ≡ cosωiLi, s¯i ≡ sin ω¯iLi, and c¯i = cos ω¯iLi with i = 1, 2 and
s′2 ≡ sinω2τ , c′2 ≡ cosω2τ , s¯′2 ≡ sin ω¯2τ , and c¯′2 ≡ cos ω¯2τ with τ = t− L1.
Now, we will take a quick look at the general way of deriving expressions for the CPT
probability differences for the step-function matter density profile. However, in this case,
the derivations are quite cumbersome and we will only present the results for the CPT
probability difference ∆PCPTee .
Similar to the case of constant matter density, we obtain the CPT probability difference
∆PCPTee for step-function matter density profiles as
∆PCPTee ≃ (s1c2 cos 2θm,1 + s2c1 cos 2θm,2)2 + [c1c2 − s1s2 cos 2(θm,1 − θm,2)]2
− (s¯1c¯2 cos 2θ¯m,1 + s¯2c¯1 cos 2θ¯m,2)2 +
[
c¯1c¯2 − s¯1s¯2 cos 2(θ¯m,1 − θ¯m,2)
]2
.
(106)
In the low-energy region V1,2 . δ ≪ ∆, we find that
∆PCPTee ≃ 8s212c212 cos 2θ12
[
δ
(
L1
V1
δ
+ L2
V2
δ
)
cos
δ(L1 + L2)
2
− 2
(
V1
δ
sin
δL1
2
cos
δL2
2
+
V2
δ
sin
δL2
2
cos
δL1
2
)]
sin
δ(L1 + L2)
2
+ O ((V1/δ)2, (V2/δ)2, V1V2/δ2) . (107)
One observes that the CPT probability difference ∆PCPTee is completely symmetric with
respect to the exchange of layers 1 and 2. Furthermore, in the limit V1,2 → V and L1,2 → L/2,
one recovers the CPT probability difference for constant matter density (as one should), see
Eq. (85).
III. NUMERICAL ANALYSIS AND IMPLICATIONS FOR NEUTRINO OSCIL-
LATION EXPERIMENTS
In general, the three flavor neutrino oscillation transition probabilities in matter Pαβ ≡
P (να → νβ) are complicated (mostly trigonometric) functions depending on nine parameters
Pαβ = Pαβ(∆m
2
21,∆m
2
31, θ12, θ13, θ23, δCP;Eν , L, V (L)), α, β = e, µ, τ, (108)
where ∆m221 and ∆m
2
31 are the neutrino mass squared differences, θ12, θ13, θ23, and δCP are
the leptonic mixing parameters, Eν is the neutrino energy, L is the baseline length, and
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TABLE I: Present values of the fundamental neutrino parameters.
Parameter Best-fit value Range References
∆m221 7.1 · 10−5 eV2 ∼ (6 ÷ 9) · 10−5 eV2 (99.73 % C.L.) [27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 42, 100, 101]
|∆m231| 2.5 · 10−3 eV2 (1.6 ÷ 3.9) · 10−3 eV2 (90 % C.L.) [23, 24, 25, 26]
θ12 34
◦ 27◦ ÷ 44◦ (99.73 % C.L.) [27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 42, 100, 101]
θ13 - 0÷ 9.2◦ (90 % C.L.) [102, 103, 104]
θ23 45
◦ 37◦ ÷ 45◦ (90 % C.L.) [23, 24, 25, 26]
δCP - [0, 2pi) -
finally, V (L) is the matter potential, which generally depends on L. Naturally, the CPT
probability differences depend on the same parameters as the neutrino oscillation transition
probabilities. The neutrino mass squared differences and the leptonic mixing parameters are
fundamental parameters given by Nature, and thus, do not vary in any experimental setup,
whereas the neutrino energy, the baseline length, and the matter potential depend on the
specific experiment that is studied.
The present values of the fundamental neutrino parameters are given in Table I. These
values are motivated by recent global fits to different kinds of neutrino oscillation data.
All results within this study are, unless otherwise stated, calculated for the best-fit values
given in Table I. Furthermore, we assume a normal neutrino mass hierarchy spectrum, i.e.,
∆m221 ≪ ∆m231 with ∆m231 = +2.5 · 10−3 eV2. For the leptonic mixing angle θ13, we only
allow values below the CHOOZ upper bound, i.e., sin2 2θ13 . 0.1 or θ13 . 9.2
◦. For the
CP violation phase, we use different values between 0 and 2π, i.e., δCP ∈ [0, 2π). Note that
there is no CP violation if δCP ∈ {0, π}, whereas the effects of CP violation are maximal if
δCP ∈ {pi2 , 3pi2 }.
As realistic examples, let us now investigate the effects of extrinsic CPT violation on the
transition probabilities for neutrino oscillations in matter for various experiment in which
the neutrinos traverse the Earth. Such experiments are e.g. so-called long baseline exper-
iments, atmospheric and solar neutrino oscillation experiments. In some analyses of these
experiments, the Preliminary Reference Earth Model (PREM) matter density profile [105]
has been used, which has been obtained from geophysics using seismic wave measurements.
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However, the (mantle-core-mantle) step-function matter density profile[135] is an excellent
approximation to the PREM matter density profile [106], whereas the constant matter den-
sity profile serves as a very good approximation to long baseline experiments that have
baselines that do not enter the core of the Earth. Thus, we use these approximations for
our calculations.
The equatorial radius of the Earth and the radius of the core of the Earth are R⊕ ≃
6371 km and r ≃ 3486 km, respectively, which means that the thickness of the mantle of the
Earth is R⊕ − r ≃ 2885 km. From the geometry of the Earth, one finds that the relation
between the maximal depth of the baseline ℓ and the baseline length L is given by
ℓ = R⊕ −
√
R2⊕ −
L2
4
(or L = 2
√
ℓ(2R⊕ − ℓ)). (109)
Hence, in order for the neutrinos also to traverse the core of the Earth, i.e., ℓ ≥ R⊕− r, the
baseline length needs to be L & 10670 km. This means that for experiments with baseline
lengths shorter than 10670 km, we can safely use the constant matter density profile. For
“shorter” long baseline experiments (L . 3000 km) we use the average matter density of the
continental Earth crust, ρcrust ≃ 3 g/cm3, whereas for “longer” long baseline experiments
(3000 km . L . 10670 km) we use the average matter density of the mantle of the Earth,
ρmantle ≃ 4.5 g/cm3. Furthermore, the matter potential V ≡ V (L) expressed in terms of the
matter density ρ ≡ ρ(L) is given by
V ≃ 1√
2
GF
1
mN
ρ ≃ 3.78 · 10−14 eV · ρ[g/cm3], (110)
where ρ[g/cm3] is the matter density given in units of g/cm3.
Let us now investigate when it is possible to use the low-energy approximations for the
CPT probability differences derived in the previous section. In these approximations, we
have assumed that the matter potential V is smaller than the parameter δ, i.e., V . δ ≪ ∆.
Now, the parameter δ is a function of the neutrino energy Eν :
δ =
∆m221
2Eν
≃ 3.55 · 10−5 eV · Eν [eV]−1, (111)
where Eν [eV] is the neutrino energy in eV. Thus, combining Eqs. (110) and (111), we find
that
Eν . 0.94 · 109 eV · ρ[g/cm3]−1, (112)
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which means that for the continental Earth crust (ρcrust ≃ 3 g/cm3) the neutrino energy
Eν must be smaller than about 0.31GeV in order for the low-energy approximations to be
valid.
In Table II, we list several past, present, and future long baseline experiments of accel-
erator and reactor types including their specific parameter sets for which we are going to
estimate the extrinsic CPT violation effects. From the values of the neutrino energies given
in this table we can conclude that the low-energy approximations for the CPT probabil-
ity differences are applicable for the reactor experiments including the LSND accelerator
experiment, but not for the accelerator experiments in general.
Using the values of the fundamental neutrino parameters given in Table I as well as the
approximate values of the neutrino energy and baseline length for the different long baseline
experiments given in Table II, we obtain estimates of the CPT probability differences, which
are presented in Table III. From the values in Table III we observe that there are three
different experiments with fairly large estimates of the CPT probability differences. These
experiments are the KamLAND, BNL NWG, and NuMI experiments, which will later in this
paper be studied in more detail. In general, there is a rather large discrepancy among the
values coming from the numerical, analytical, and low-energy approximation calculations.
This is mainly due to the oscillatory behavior of the CPT probability differences. Therefore,
these values can change drastically with a small modification of the input parameter values.
Thus, this can explain the somewhat different values of the different calculations. However,
in most of the cases, the order of magnitude of the different calculations are in agreement.
Note that for all reactor experiments the analytical and low-energy approximation estimates
agree completely, since the neutrino energies are low enough for these experiments in order
for the low-energy approximations to be valid. Moreover, we have calculated the CPT
probability difference ∆PCPTµe for two potential neutrino factory setups using the analytical
formula (83). In general, these setups are very long baseline experiments that even penetrate
the Earth’s mantle in addition to the Earth’s crust. For our calculations we used a constant
matter density profile with ρ = ρmantle ≃ 4.5 g/cm3. Furthermore, we chose the neutrino
energy to be 50 GeV as well as the baseline lengths 3000 km and 7000 km, respectively. For
these parameter values, we obtained ∆PCPTµe ≃ 3.0 · 10−5 (3000 km) and ∆PCPTµe ≃ 1.8 · 10−5
(7000 km). Thus, the extrinsic CPT violation is practically negligible for a future neutrino
factory.
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TABLE II: Accelerator and reactor long baseline experiments including measurable neutrino os-
cillation channels, average neutrino energies (Eν), approximate baseline lengths (L) as well as
references to the respective experiments. The CHOOZ, KamLAND, and Palo Verde experiments
are reactor experiments, whereas the other experiments are accelerator experiments. Furthermore,
the BooNE, MiniBooNE, CHOOZ, LSND, NuTeV, and Palo Verde experiments are sometimes
called short baseline experiments. However, we will use the term long baseline experiments for all
experiments in this table.
Experiment Channels Eν L References
BNL NWG νµ → νe 1GeV 400 km, 2540 km [107, 108, 109]
BooNE

 νµ → νeν¯µ → ν¯e (0.5 ÷ 1.5)GeV 1km [110]
MiniBooNE

 νµ → νeν¯µ → ν¯e (0.5 ÷ 1.5)GeV 500m [111]
CHOOZ ν¯e → ν¯e ∼ 3MeV 1030m [102, 103, 104]
ICARUS

 νµ → νeνµ → ντ 17GeV 743 km [112, 113, 114]
JHF-Kamioka

 νµ → νeνµ → νµ (0.4 ÷ 1.0)GeV 295 km [115]
K2K

 νµ → νeνµ → νµ 1.3GeV 250 km [116, 117]
KamLAND ν¯e → ν¯e ∼ 3MeV ∼ 180 km [41]
LSND

 νµ → νeν¯µ → ν¯e 48MeV 30m [20, 21, 22]
MINOS

 νµ → νeνµ → νµ (3÷ 18)GeV 735 km [118, 119, 120]
NuMI I/II

 νµ → νeν¯µ → ν¯e 1.4GeV / 0.7GeV 712 km / 987 km [121]
NuTeV

 νµ → νeν¯µ → ν¯e 75GeV, 200GeV (915 ÷ 1235)m [122]
OPERA νµ → ντ 17GeV 743 km [114, 123]
Palo Verde ν¯e → ν¯e ∼ 3MeV 750m, 890m [124, 125, 126, 127]
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TABLE III: Estimates of the CPT probability differences for the different long baseline experiments
listed in Table II. The fundamental neutrino parameters used are: ∆m221 = 7.1 ·10−5 eV2, ∆m231 =
2.5 · 10−3 eV2, θ12 = 34◦, θ13 = 9.2◦, θ23 = 45◦, and δCP = 0. Furthermore, we have used constant
matter density profiles with ρ = 3g/cm3 as approximations of the continental Earth crust.
Experiment CPT probability differences
Quantities Numerical Analytical Analytical (low-energy)
BNL NWG ∆PCPTµe 0.010 3.6 · 10−4 1.7 · 10−6
BNL NWG ∆PCPTµe 0.032 1.2 · 10−3 2.7 · 10−3
BooNE ∆PCPTµe 6.6 · 10−13 5.1 · 10−14 2.0 · 10−17
MiniBooNE ∆PCPTµe 4.1 · 10−14 3.2 · 10−15 −2.0 · 10−17
CHOOZ ∆PCPTee −3.6 · 10−5 −3.7 · 10−9 −3.7 · 10−9
ICARUS ∆PCPTµe 4.0 · 10−5 3.1 · 10−6 4.1 · 10−9
∆PCPTµτ −3.8 · 10−5 - -
JHF-Kamioka ∆PCPTµe 3.8 · 10−3 2.2 · 10−4 5.0 · 10−7
∆PCPTµµ −1.3 · 10−4 - -
K2K ∆PCPTµe 1.0 · 10−3 7.2 · 10−5 1.2 · 10−7
∆PCPTµµ −5.3 · 10−5 - -
KamLAND ∆PCPTee −0.033 −0.040 −0.040
LSND ∆PCPTµe 4.8 · 10−15 3.7 · 10−16 1.9 · 10−18
MINOS ∆PCPTµe 1.9 · 10−4 1.4 · 10−5 1.9 · 10−8
∆PCPTµµ −1.1 · 10−5 - -
NuMI I ∆PCPTµe 0.026 −2.7 · 10−5 6.2 · 10−6
NuMI II ∆PCPTµe 2.6 · 10−3 −2.4 · 10−4 1.8 · 10−4
NuTeV ∆PCPTµe 1.6 · 10−18 1.2 · 10−19 −2.6 · 10−15
NuTeV ∆PCPTµe 8.2 · 10−20 6.4 · 10−21 −1.5 · 10−15
OPERA ∆PCPTµτ −3.8 · 10−5 - -
Palo Verde ∆PCPTee −1.2 · 10−5 −1.1 · 10−9 −1.1 · 10−9
Palo Verde ∆PCPTee −2.2 · 10−5 −2.1 · 10−9 −2.1 · 10−9
Next, in Fig. 1, we plot the CPT probability differences ∆PCPTee and ∆P
CPT
µe as functions
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of the neutrino energy Eν for three different characteristic baseline lengths: 1 km, 250 km,
and 750 km. From these plots we observe that the CPT probability differences increase with
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FIG. 1: The CPT probability differences ∆PCPTee and ∆PCPTµe plotted as functions of the neutrino energy Eν . The baseline
lengths used are: 1 km (left column), 250 km (middle column), and 750 km (right column) with ρ = 3g/cm3. Dotted curves
correspond to numerical calculations using the evolution operator method and Cayley–Hamilton formalism [128, 129, 130],
whereas solid curves correspond to analytical calculations using Eqs. (80) and (83). The fundamental neutrino parameters used
are: ∆m2
21
= 7.1 · 10−5 eV2, ∆m2
31
= 2.5 · 10−3 eV2, θ12 = 34◦, θ13 = 9.2◦, θ23 = 45◦, and δCP = 0.
increasing baseline length L. Furthermore, we note that for increasing neutrino energy Eν
the extrinsic CPT violation effects disappear, since the CPT probability differences go to
zero in the limit when Eν → ∞. We also note that ∆PCPTee and ∆PCPTµe are basically of
the same order of magnitude. In this figure, the numerical curves consist of a modulation
of two oscillations: one slow oscillation with larger amplitude and lower frequency and
another fast oscillation with smaller amplitude and higher frequency. On the other hand, the
analytical curves consist of one oscillation only and they are therefore not able to reproduce
the oscillations with smaller amplitudes and higher frequencies. However, the agreement
between the two curves are very good considering the oscillations with larger amplitudes and
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lower frequencies. In principle, the analytical curves are running averages of the numerical
ones, and in fact, the fast oscillations cannot be resolved by any realistic detector due to
limited energy resolution making the analytical calculations excellent approximations of the
numerical ones.
Let us now investigate some of the most interesting experiments in more detail for which
the extrinsic CPT violation effects may be sizeable. In Fig. 2, we plot the CPT probability
difference ∆PCPTee as functions of both the neutrino energy Eν and the baseline length L
centered around values of these parameters characteristic for the KamLAND experiment.
We observe that for neutrino energies around the average neutrino energy of the KamLAND
106 107 108
E
ν
[eV]
-0.06
-0.04
-0.02
0
0.02
0.04
∆P
ee
CP
T
100 150 200 250 300
L  [km]
-0.5
0
0.5
FIG. 2: The CPT probability difference ∆PCPTee for the KamLAND experiment. The left-hand side plot shows its dependence
on the neutrino energy Eν , whereas the right-hand side plot shows its dependence on the baseline length L. The solid and
dotted curves are analytical and numerical results, respectively. The diamonds (’⋄’) indicate the central values of the KamLAND
experiment. The parameters used are the same as for Fig. 1.
experiment the CPT probability difference ∆PCPTee could be as large as 3 % - 5 % making
the extrinsic CPT violation non-negligible. This means that the transition probabilities
P (νe → νe) and P (ν¯e → ν¯e) are not equal to each other for energies and baseline lengths
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typical for the KamLAND experiment. Thus, if one would be able to find a source of electron
neutrinos with the same neutrino energy as the reactor electron antineutrinos coming from
the KamLAND experiment, then one would be able to measure such effects. Furthermore,
for the KamLAND experiment the agreement between the analytical formula (80) and the
low-energy approximation (85) is excellent, i.e., it is not possible to distinguish the results
of these formulas from each other in the plots.
Next, in Figs. 3 - 6, we present some plots for the topical accelerator long baseline
experiments BNL NWG, JHF-Kamioka, K2K, and NuMI, which have approximately the
same neutrino energies, but different baseline lengths. In these figures, we plot the CPT
probability difference ∆PCPTµe as functions of the neutrino energy Eν and the baseline length
L as well as the neutrino energy Eν for three different values of the CP violation phase
δCP corresponding to no CP violation (δCP = 0), “intermediate” CP violation (δCP =
pi
4
),
and maximal CP violation (δCP =
pi
2
), respectively. We note that in all cases the low-
energy approximation curves are upper envelopes to the analytical curves. Furthermore,
we note that the CPT probability difference ∆PCPTµe is larger for long baseline experiments
with longer baseline lengths and it does not change radically for different values of the CP
violation phase δCP.
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FIG. 3: The CPT probability difference ∆PCPTµe for the BNL NWG experiment (baseline length: 2540 km). The left-hand
side plot shows its dependence on the neutrino energy Eν (solid curve = analytical calculation, dashed curve = low-energy
approximation), the middle plot shows its dependence on the baseline length L (solid curve = analytical calculation, dashed
curve = low-energy approximation), and the right-hand side plot shows the dependence on Eν for three different values of δCP:
0 (solid curve), pi
4
(dotted curve), and pi
2
(dashed curve). The diamonds (’⋄’) indicate the central values of the BNL NWG
experiment. The other parameters used are the same as for Fig. 1.
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FIG. 4: The CPT probability difference ∆PCPTµe for the JHF-Kamioka experiment. The left-hand side plot shows its
dependence on the neutrino energy Eν (dotted curve = numerical calculation, solid curve = analytical calculation, and dashed
curve = low-energy approximation), the middle plot shows its dependence on the baseline length L (solid curve = analytical
calculation), and the right-hand side plot shows the dependence on Eν for three different values of δCP: 0 (solid curve),
pi
4
(dotted curve), and pi
2
(dashed curve). The diamonds (’⋄’) indicate the central values of the JHF-Kamioka experiment. The
other parameters used are the same as for Fig. 1.
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FIG. 5: The CPT probability difference ∆PCPTµe for the K2K experiment. The left-hand side plot shows its dependence on
the neutrino energy Eν (dotted curve = numerical calculation, solid curve = analytical calculation, and dashed curve = low-
energy approximation), the middle plot shows its dependence on the baseline length L (solid curve = analytical calculation),
and the right-hand side plot shows the dependence on Eν for three different values of δCP: 0 (solid curve),
pi
4
(dotted curve),
and pi
2
(dashed curve). The diamonds (’⋄’) indicate the central values of the K2K experiment. The other parameters used are
the same as for Fig. 1.
Finally, in Fig. 7, we present numerical calculations shown as density plots of the CPT
probability differences for neutrinos traversing the Earth, which are functions of the nadir
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FIG. 6: The CPT probability difference ∆PCPTµe for the NuMI Phase II experiment. The left-hand side plot shows its
dependence on the neutrino energy Eν (dotted curve = numerical calculation, solid curve = analytical calculation, and dashed
curve = low-energy approximation), the middle plot shows its dependence on the baseline length L (dotted curve = numerical
calculation, solid curve = analytical calculation, and dashed curve = low-energy approximation), and the right-hand side plot
shows the dependence on Eν for three different values of δCP: 0 (solid curve),
pi
4
(dotted curve), and pi
2
(dashed curve). The
diamonds (’⋄’) indicate the central values of the NuMI Phase II experiment. The other parameters used are the same as for
Fig. 1.
angle h and the neutrino energy Eν . The numerical calculations are based on the evolution
operator method and Cayley–Hamilton formalism introduced and developed in Refs. [128,
129, 130] and the parameter values used are given in the figure caption. The nadir angle
h is related to the baseline length L as follows. A nadir angle of h = 0 corresponds to
a baseline length of L = 2R⊕, whereas h = 90
◦ corresponds to L = 0. As h varies from
0 to 90◦, the baseline length L becomes shorter and shorter. At an angle larger than
h0 ≡ arcsin rR⊕ ≃ 33.17◦, the baseline no longer traverse the core of the Earth. The CPT
probability differences in Fig. 7 might be of special interest for atmospheric (and to some
extent solar) neutrino oscillation studies, since the plots cover all nadir angle values and
neutrino energies between 100 MeV and 100 GeV. We note from these plots that for some
specific values of the nadir angle and the neutrino energy the CPT violation effects are rather
sizeable.
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FIG. 7: The CPT probability differences ∆PCPT
αβ
(α, β = e, µ, τ) plotted as functions of the nadir angle h and the neutrino
energy Eν . The different plots show: ∆PCPTee (upper-left), ∆P
CPT
eµ (upper-middle), ∆P
CPT
eτ (upper-right), ∆P
CPT
µe (middle-
left), ∆PCPTµµ (middle-middle), ∆P
CPT
µτ (middle-right), ∆P
CPT
τe (down-left), ∆P
CPT
µτ (down-middle), and ∆P
CPT
ττ (down-right).
The fundamental neutrino parameters used are: ∆m2
21
= 7.1 · 10−5 eV2, ∆m2
31
= 2.5 · 10−3 eV2, θ12 = 34◦, θ13 = 9.2◦,
θ23 = 45◦, and δCP = 0. Furthermore, we have used the mantle-core-mantle step-function approximation of the Earth matter
density profile.
IV. SUMMARY AND CONCLUSIONS
In conclusion, we have studied extrinsic CPT violation in three flavor neutrino oscil-
lations, i.e., CPT violation induced purely by matter in an intrinsically CPT-conserving
context. This has been done by studying the CPT probability differences for arbitrary mat-
ter density profiles in general and for constant matter density profiles and to some extent
step-function matter density profiles in particular. We have used an analytical approxima-
tion based on first order perturbation theory and a low-energy approximation derived from
this approximation as well as numerical calculations using the evolution operator method
and Cayley–Hamilton formalism. The different methods have then been applied to a num-
ber of accelerator and reactor long baseline experiments as well as possible future neutrino
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factory setups. In addition, their validity and usefulness have been discussed. Furthermore,
atmospheric and solar neutrinos have been studied numerically using a step-function matter
density profile approximation to the PREM matter density profile. Our results show that
the extrinsic CPT probability differences can be as large as 5 % for certain experiments, but
be completely negligible for other experiments. Moreover, we have found that in general
the CPT probability differences increase with increasing baseline length and decrease with
increasing neutrino energy. All this implies that extrinsic CPT violation may affect neu-
trino oscillation experiments in a significant way. Therefore, we propose to the experimental
collaborations to investigate the effects of extrinsic CPT violation in their respective exper-
imental setups. However, it seems that for most neutrino oscillation experiments extrinsic
CPT violation effects can safely be ignored.
Finally, we want to mention that in this paper, we have assumed that the CPT invariance
theorem holds, which means that there will be no room for intrinsic CPT violation effects
in our study, and therefore, the CPT probability differences will only contain extrinsic CPT
violation effects due to matter effects. However, it has been suggested in the literature that
there might be small intrinsic CPT violation effects in neutrino oscillations [2, 3], which
might be entangled with the extrinsic CPT violation effects. The question if such intrinsic
and the extrinsic CPT violation effects could be disentangled from each other in, for example,
realistic long-baseline neutrino oscillation experiments is still open [12] and it was not the
purpose of the present study. Actually, this deserves an own complete systematic study.
However, such a study would be highly model dependent, since intrinsic CPT violation
is not present in the SM. Furthermore, it should be noted that in the above mentioned
references, Refs. [2, 3], the intrinsic CPT violation effects were only studied in neutrino
oscillations with two flavors and not with three.
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APPENDIX A: EVOLUTION OPERATORS
Neutrino oscillations are governed by the Schro¨dinger equation [see Eq. (32)]
i
d
dt
|ν(t)〉 = H (t)|ν(t)〉. (A1)
Inserting |ν(t)〉 = S(t, t0)|ν(t0)〉 [Eq. (34)] yields the Schro¨dinger equation for the evolution
operator
i
d
dt
S(t, t0) = H (t)S(t, t0), (A2)
which we write in flavor basis as
i
d
dt
Sf (t, t0) = Hf(t)Sf (t, t0). (A3)
In what follows, we will assume that the number of neutrino flavors is equal to three, i.e.,
n = 3. Thus, the total Hamiltonian in flavor basis for neutrinos is given by
Hf(t) = Hf + Vf (t) = UHmU
† + Vf (t), (A4)
where
Hm =


0 0 0
0 δ 0
0 0 ∆

 and Vf(t) =


V (t) 0 0
0 0 0
0 0 0


are the free Hamiltonian in mass basis and the matter potential in flavor basis, respectively,
and U is the leptonic mixing matrix[136]. Here δ ≡ ∆m221
2Eν
, ∆ ≡ ∆m231
2Eν
, and V (t) =
√
2GFNe(t)
is the charged-current contribution of electron neutrinos to the matter potential, where
GF ≃ 1.16639 · 10−23 eV−2 is the Fermi weak coupling constant and Ne(t) = YemN ρ(t) is
the electron number density with Ye being average number of electrons per nucleon (in the
Earth: Ye ≃ 12), mN ≃ 939.565330MeV the nucleon mass, and ρ ≡ ρ(t) the matter density.
The sign of the matter potential depends on the presence of neutrinos or antineutrinos. In
the case of antineutrinos, one has to change the sign by the replacement V (t) → −V (t).
Thus, the the total Hamiltonian in flavor basis for antineutrinos is given by
H¯f(t) = Hf − Vf (t) = UHmU † − Vf(t). (A5)
Decomposing U = O23U13O12 = O23U
′, we can write the total Hamiltonian in flavor basis
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as
Hf(t) = O23

U ′


0 0 0
0 δ 0
0 0 ∆

U ′† +


V (t) 0 0
0 0 0
0 0 0



OT23 ≡ O23H(t)OT23. (A6)
Here we use the following parameterization for the orthogonal matrices O23 and O12 and the
unitary matrix U13
O23 =


1 0 0
0 c23 s23
0 −s23 c23

 , U13 =


c13 0 s13e
−iδCP
0 1 0
−s13eiδCP 0 c13

 , O12 =


c12 s12 0
−s12 c12 0
0 0 1

 ,
where sab ≡ sin θab and cab ≡ cos θab. Here θ12, θ13, and θ23 are the ordinary vacuum mixing
angles and δCP is the CP violation phase. This means that U is given by the standard
parameterization of the leptonic mixing matrix and U ′ is given by
U ′ =


c13c12 c13s12 s13e
−iδCP
−s12 c12 0
−s13c12eiδCP −s13s12eiδCP c13

 . (A7)
Inserting Hf(t) = O23H(t)O
T
23 into the Schro¨dinger equation, we obtain
i
d
dt
S(t, t0) = H(t)S(t, t0), (A8)
where S(t, t0) ≡ OT23Sf (t, t0)O23. Thus, the Hamiltonian H(t) can be written as
H(t) =


c213s
2
12δ + s
2
13∆+ V (t) c13c12s12δ c13s13 (∆− s212δ) e−iδCP
c13c12s12δ c
2
12δ −s13c12s12e−iδCPδ
c13s13 (∆− s212δ) eiδCP −s13c12s12eiδCPδ s213s212δ + c213∆

 . (A9)
Series expansions of s13 and c13 when θ13 is small, i.e., s13 = θ13+O(θ313) and c13 = 1+O(θ213),
gives up to second order in θ13
H(t) ≃


δs212 + V (t) δc12s12 θ13 (∆− δs212) e−iδCP
δc12s12 δc
2
12 −θ13δc12s12e−iδCP
θ13 (∆− δs212) eiδCP −θ13δc12s12eiδCP ∆

 . (A10)
Separating H(t) in independent and dependent parts of θ13 yields
H(t) = H0(t) +H
′, H ′ = H1 +H2, (A11)
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where
H0(t) =


s212δ + V (t) c12s12δ 0
c12s12δ c
2
12δ 0
0 0 ∆

 ≡


h(t)
0
0
0 0 ∆

 , (A12)
H1 =


0 0 θ13 (∆− s212δ) e−iδCP
0 0 −θ13c12s12e−iδCPδ
θ13 (∆− s212δ) eiδCP −θ13c12s12eiδCPδ 0


≡


0 0 a
0 0 b
a∗ b∗ 0

 , (A13)
H2 = O(θ213). (A14)
Here the Hamiltonian H1 is of order θ13, whereas the Hamiltonian H2 is of order θ
2
13. Note
that the Hamiltonian H ′ is independent of time t. Furthermore, the time-dependent Hamil-
tonian H0(t) is only dependent on the mixing angle θ12.
Inserting Eq. (A11) as well as S(t, t0) ≡ S0(t, t0)S1(t, t0) into Eq. (A8) gives
i
(
d
dt
S0(t, t0)
)
S1(t, t0) + iS0(t, t0)
d
dt
S1(t, t0)
= H0(t)S0(t, t0)S1(t, t0) +H1S0(t, t0)S1(t, t0). (A15)
Now, assuming that i d
dt
S0(t, t0) = H0(t)S0(t, t0) holds implies that we have the equation
i d
dt
S1(t, t0) = H1(t)S1(t, t0), where H1(t) ≡ S−10 (t, t0)H1S0(t, t0), which can be integrated to
give the integral equation
S1(t, t0) = 1− i
∫ t
t0
H1(t
′)S1(t
′, t0)dt
′
= 1− i
∫ t
t0
S−10 (t
′, t0)H1S0(t
′, t0)S1(t
′, t0)dt
′. (A16)
Thus, from first order perturbation theory we obtain [43, 48]
S(t, t0) ≃ S0(t, t0)− iS0(t, t0)
∫ t
t0
S−10 (t
′, t0)H1S0(t
′, t0)dt
′. (A17)
Since we assumed before that i d
dt
S0(t, t0) = H0(t)S0(t, t0) holds, we have now to find
S0(t, t0). We observe that the 2×2 submatrix in the upper-left corner of H0(t) in Eq. (A12),
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i.e., h(t), is not traceless. Making this submatrix traceless yields
H˜0(t) = H0(t)− 1
2
trh(t)13
=


−1
2
(c212 − s212)δ + 12V (t) c12s12δ 0
c12s12δ
1
2
(c212 − s212)δ − 12V (t) 0
0 0 ∆− 1
2
[V (t) + δ]

 .
(A18)
Note that, in general, any term proportional to the identity matrix 13 can be added to or
subtracted from the Hamiltonian H0(t) without affecting the neutrino oscillation probabil-
ities. In particular, a term such that the 2 × 2 submatrix h(t) in the upper-left corner of
H0(t) becomes traceless [see Eq. (A18)]. Furthermore, note that the new Hamiltonian H˜0(t)
will not be traceless and that the (3, 3)-element of H0(t) will, of course, also be changed by
such a transformation.
Instead of solving i d
dt
S0(t, t0) = H0(t)S0(t, t0), we have now to solve i
d
dt
S0(t, t0) =
H˜0(t)S0(t, t0) +
1
2
trh(t)S0(t, t0). The solution to this equation, S0(t, t0), has the general
form [43, 131, 132]
S0(t, t0) =


α(t, t0) β(t, t0) 0
−β∗(t, t0) α∗(t, t0) 0
0 0 f(t, t0)

 , (A19)
where the functions α(t, t0) and β(t, t0) describe the two flavor neutrino evolution in the
(1, 2)-subsector, in which the 2×2 submatrix h of H0 acts as the Hamiltonian. In the end of
this appendix, we will derive the analytical expressions for the functions α(t, t0) and β(t, t0).
The function f(t, t0) can, however, immediately be determined to be
f(t, t0) = e
−i
∫ t
t0
∆˜(t′)dt′ ≡ e−iΦ(t,t0), (A20)
where ∆˜(t) ≡ ∆− 1
2
[V (t) + δ] and
Φ(t, t0) ≡
∫ t
t0
∆˜(t′)dt′ =
∫ t
t0
{
∆− 1
2
[V (t′) + δ]
}
dt′
=
(
∆− δ
2
)
(t− t0)− 1
2
∫ t
t0
V (t′)dt′.
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Now, inserting Eqs. (A13) and (A19) into Eq. (A17) yields
S(t, t0) ≃


α(t, t0) β(t, t0) −if(t, t0)A(t, t0)
−β∗(t, t0) α∗(t, t0) −if(t, t0)B(t, t0)
−if(t, t0)C(t, t0) −if(t, t0)D(t, t0) f(t, t0)

 , (A21)
where
A(t, t0) = f
∗(t, t0)
{
a [α(t, t0)Iα∗,t0(t, t0) + β(t, t0)Iβ∗,t0(t, t0)]
+ b [β(t, t0)Iα,t0(t, t0)− α(t, t0)Iβ,t0(t, t0)]
}
, (A22)
B(t, t0) = f
∗(t, t0)
{
a [α∗(t, t0)Iβ∗,t0(t, t0)− β∗(t, t0)Iα∗,t0(t, t0)]
+ b [α∗(t, t0)Iα,t0(t, t0) + β
∗(t, t0)Iβ,t0(t, t0)]
}
, (A23)
C(t, t0) = a
∗I∗α∗,t0(t, t0)− b∗I∗β,t0(t, t0), (A24)
D(t, t0) = a
∗I∗β∗,t0(t, t0) + b
∗I∗α,t0(t, t0) (A25)
with
Iϕ,t0(t, t0) =
∫ t
t0
ϕ(t′, t0)f(t
′, t0)dt
′, ϕ = α, α∗, β, β∗. (A26)
Equations (A22) and (A23) can be further simplified using the following
S0(t1, t) = S0(t1, t0)S
†
0(t, t0)
=


α(t1, t0) β(t1, t0) 0
−β∗(t1, t0) α∗(t1, t0) 0
0 0 f(t1, t0)




α∗(t, t0) −β(t, t0) 0
β∗(t, t0) α(t, t0) 0
0 0 f ∗(t, t0)


=


α(t1, t) β(t1, t) 0
−β∗(t1, t) α∗(t1, t) 0
0 0 f(t1, t)

 . (A27)
Considering Eq. (A27), one immediately finds that
α(t1, t0)α
∗(t, t0) + β(t1, t0)β
∗(t, t0) = α(t1, t), (A28)
−α(t1, t0)β(t, t0) + β(t1, t0)α(t, t0) = β(t1, t), (A29)
−β∗(t1, t0)α∗(t, t0) + α∗(t1, t0)β∗(t, t0) = −β∗(t1, t), (A30)
α∗(t1, t0)α(t, t0) + β
∗(t1, t0)β(t, t0) = α
∗(t1, t), (A31)
f(t1, t0)f
∗(t, t0) = f(t1, t). (A32)
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Thus, using Eqs. (A28) - (A32) as well as the identity |f(t, t0)|2 = f(t, t0)f ∗(t, t0) = 1, one
can write Eqs. (A22) and (A23) as
A(t, t0) = aIα∗,t(t, t0)− bIβ,t(t, t0), (A33)
B(t, t0) = aIβ∗,t(t, t0) + bIα,t(t, t0). (A34)
Now, rotating S(t, t0) back to the original basis, one finds the evolution operator for neutrinos
in the flavor basis
Sf(t, t0) = O
T
23S(t, t0)O23
≃


α c23β − is23fA −s23β − ic23fA
−c23β∗ − is23fC S22 S23
s23β
∗ − ic23fC S32 S33

 ≡ (Sf,ab),
(A35)
where
S22 ≡ c223α∗ + s223f − is23c23f(B +D), (A36)
S23 ≡ −s23c23 (α∗ − f)− if
(
c223B − s223D
)
, (A37)
S32 ≡ −s23c23 (α∗ − f) + if
(
s223B − c223D
)
, (A38)
S33 ≡ s223α∗ + c223f + is23c23f (B +D) (A39)
with the notation α ≡ α(t, t0), β ≡ β(t, t0), f ≡ f(t, t0), A ≡ A(t, t0), B ≡ B(t, t0),
C ≡ C(t, t0), and D ≡ D(t, t0).
Similarly, replacing the total Hamiltonian for neutrinos (A4) with the total Hamilto-
nian for antineutrinos (A5) in the Schro¨dinger equation (A3), the evolution operator for
antineutrinos in the flavor basis becomes
S¯f (t, t0) ≃


α¯ c23β¯ − is23f¯ A¯ −s23β¯ − ic23f¯ A¯
−c23β¯∗ − is23f¯ C¯ S¯22 S¯23
s23β¯
∗ − ic23f¯ C¯ S¯32 S¯33

 ≡ (S¯f,ab), (A40)
where
S¯22 ≡ c223α¯∗ + s223f¯ − is23c23f¯(B¯ + D¯), (A41)
S¯23 ≡ −s23c23
(
α¯∗ − f¯)− if¯ (c223B¯ − s223D¯) , (A42)
S¯32 ≡ −s23c23
(
α¯∗ − f¯)+ if¯ (s223B¯ − c223D¯) , (A43)
S¯33 ≡ s223α¯∗ + c223f¯ + is23c23f¯
(
B¯ + D¯
)
(A44)
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with the same type of notation as in the neutrino case.
We will now derive the general analytical expressions for the functions α(t, t0) and β(t, t0).
In order to perform this derivation, we study the evolution operator in the (1, 2)-subsector,
which is a separate problem in the rotated basis, and its solution is independent from the
total three flavor neutrino problem. We assume that the evolution operator in the (1, 2)-
subsector, S(1,2)(t, t0), satisfies the Schro¨dinger equation for neutrinos
i
d
dt
S(1,2)(t, t0) = h(t)S(1,2)(t, t0), (A45)
where h(t) is the Hamiltonian and it is given by
h(t) =

s212δ + V (t) s12c12δ
s12c12δ c
2
12δ


=

−12 (c212 − s212) δ + 12V (t) s12c12δ
s12c12δ
1
2
(c212 − s212) δ − 12V (t)

+ 1
2
[δ + V (t)]12,
(A46)
see Eqs. (A12) and (A18). Note that the term proportional to the identity matrix 12 in the
Hamiltonian h(t) does not affect neutrino oscillations, since such a term will only generate
a phase factor. Thus, we need not consider this term. In addition, note that the same
term has been subracted from the Hamiltonian H0(t) [see Eq. (A18)] for the total three
flavor neutrino problem. Thus, it also in this case only gives rise to a phase factor in the
three flavor neutrino evolution operator S0(t, t0) [see Eq. (A19)], which does not affect the
neutrino oscillations.
The solution to the Schro¨dinger equation in the (1, 2)-subsector is
S(1,2)(t, t0) = e
−i
∫ t
t0
h(t′)dt′ ≡ e−iH(t,t0), (A47)
where the integrated Hamiltonian, H(t, t0), is given by
H(t, t0) =
1
2

− cos 2θ12δ(t− t0) + ∫ tt0 V (t′)dt′ sin 2θ12δ(t− t0)
sin 2θ12δ(t− t0) cos 2θ12δ(t− t0)−
∫ t
t0
V (t′)dt′

 . (A48)
Since H(t, t0) is a 2× 2 matrix, the solution can be written on the following form [43]
S(1,2)(t, t0) = cos
√
− detH(t, t0)12
− i 1√− detH(t, t0) sin
√
− detH(t, t0)H(t, t0), (A49)
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where the determinant of H(t, t0), detH(t, t0), is given by
detH(t, t0) = −1
4
[
cos 2θ12δ(t− t0)−
∫ t
t0
V (t′)dt′
]2
− 1
4
sin2 2θ12δ
2(t− t0)2
= −1
4
[
δ2(t− t0)2 − 2 cos 2θ12δ(t− t0)
∫ t
t0
V (t′)dt′
+
(∫ t
t0
V (t′)dt′
)2 ]
. (A50)
Furthermore, the eigenvalues of H(t, t0) can be found from the characteristic equation
det(H(t, t0) − Ω12) = 0, which yields Ω = ±
√− detH(t, t0). Note that in vacuum, i.e.,
V (t) = 0 ∀t, it holds that Ω2|V (t)=0 = 14δ2(t− t0)2 ≡ Ω2vac. Now, if one writes the evolution
operator S(1,2)(t, t0) as
S(1,2)(t, t0) =

 α(t, t0) β(t, t0)
−β∗(t, t0) α∗(t, t0)

 , (A51)
then, using Eq. (A49), one can identify the functions α(t, t0) and β(t, t0). We obtain
α(t, t0) = cosΩ + i
sinΩ
2Ω
[
cos 2θ12δ(t− t0)−
∫ t
t0
V (t′)dt′
]
, (A52)
β(t, t0) = −i sin Ω
2Ω
sin 2θ12δ(t− t0), (A53)
where again
Ω = ±
√
− detH(t, t0)
= ±δ(t− t0)
2
√[
cos 2θ12 − 1
δ(t− t0)
∫ t
t0
V (t′)dt′
]2
+ sin2 2θ12. (A54)
Similarly, for antineutrinos the functions α¯(t, t0) and β¯(t, t0) become
α¯(t, t0) = cos Ω¯ + i
sin Ω¯
2Ω¯
[
cos 2θ12δ(t− t0) +
∫ t
t0
V (t′)dt′
]
, (A55)
β¯(t, t0) = −i sin Ω¯
2Ω¯
sin 2θ12δ(t− t0), (A56)
which we, in principle, obtain by making the replacement V (t)→ −V (t) in the expressions
for the functions α(t, t0) and β(t, t0). Here
Ω¯ = ±δ(t− t0)
2
√[
cos 2θ12 +
1
δ(t− t0)
∫ t
t0
V (t′)dt′
]2
+ sin2 2θ12. (A57)
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Note that Ω in Eq. (A54) and Ω¯ in Eq. (A57) only differ with respect to the sign in front of
the integral of the matter potential. Thus, from the expressions for Ω and Ω¯ we find that
Ω¯2 = Ω2 + cos 2θ12δ(t− t0)
∫ t
t0
V (t′)dt′. (A58)
Let us now consider some special cases when the relation between Ω and Ω¯ becomes simpler.
In the case that
• t− t0 = 0, one finds Ω = Ω¯ = 0, which is a trivial and non-interesting case.
• δ = 0, we have degenerated neutrino masses m1 = m2 (and negligible solar mass
squared difference) or extremely high neutrino energy and this leads to Ω2 = Ω¯2 =
1
4
[∫ t
t0
V (t′)dt′
]2
, which implies that Ω¯ = ±Ω. Thus, in addition, we have α = cosΩ−
i sinΩ
2Ω
∫ t
t0
V (t′)dt′, α¯ = cosΩ + i sinΩ
2Ω
∫ t
t0
V (t′)dt′ = α∗, and β = β¯ = 0.
• cos 2θ12 = 0 (e.g., θ12 = 45◦), we have maximal mixing in the (1, 2)-subsector and this
leads to Ω2 = Ω¯2 = 1
4
δ2(t− t0)2 + 14
[∫ t
t0
V (t′)dt′
]2
, which again implies that Ω¯ = ±Ω.
In this case, we find α = cos Ω− i sinΩ
2Ω
∫ t
t0
V (t′)dt′, α¯ = cos Ω + i sinΩ
2Ω
∫ t
t0
V (t′)dt′ = α∗,
and β = β¯ = −i sinΩ
2Ω
δ(t− t0).
• ∫ t
t0
V (t′)dt′ = 0, one obtains Ω2 = Ω¯2 = 1
4
δ2(t − t0)2, which also implies that Ω¯ =
±Ω. Furthermore, one has α = α¯ = cosΩ + i sinΩ
2Ω
cos 2θ12δ(t − t0) and β = β¯ =
−i sinΩ
2Ω
sin 2θ12δ(t− t0).
In addition, if we have close to maximal mixing, i.e., θ12 . 45
◦, then we can write θ12 =
pi
4
−ǫ,
where ǫ is a small parameter. Making a series expansion with the parameter ǫ as a small
expansion parameter, we obtain
cos 2θ12 = 2ǫ− 4
3
ǫ3 +O(ǫ5), (A59)
Ω¯ = ±
[
Ω +
1
Ω
δ(t− t0)
∫ t
t0
V (t′)dt′ǫ+O(ǫ2)
]
. (A60)
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